Attosecond-scale analysis of strong-field ionization using tailored fields and streaking
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Streaking with a weak probe field is applied to ionization in a two-dimensional strong field tailored
to mimic linear polarization but without disturbance by recollision or intracycle interference. This
facilitates the observation of electron-momentum-resolved times of ionization with few-attosecond
precision as demonstrated by simulations for a model helium atom. Aligning the probe field along
the ionizing field provides meaningful ionization times in agreement with the attoclock concept that
ionization at maximum field corresponds to the Coulomb-shifted peak of the momentum distribution.
In contrast, this attoclock shift is invisible in orthogonal streaking. Even without a probe field,
streaking happens naturally along the laser propagation direction due to the laser magnetic field.
As with an orthogonal probe field, the attoclock shift is not accessible by this scheme. For a
polar molecule, the attoclock shift depends on orientation, but this does not imply an orientation
dependence in ionization time.

Measuring the time of ionization in weak- and strongfield ionization of atoms and molecules is an important aspect of light-matter interaction [1–3]. Apart from
fundamental interest in the question whether ionization
maximizes at the peak of an applied strong field, there are
wide-ranging practical implications because cornerstones
of strong-field physics, such as high-harmonic generation
(HHG) and high-energy above-threshold ionization (ATI)
are often explained in terms of electron trajectories that
depart from the atom at a well-defined time [4–6].
A frequently-used tool to measure ionization times is
known as attosecond angular streaking or the ‘attoclock’.
There, an elliptically polarized laser field is used to map
the ionization time of the photoelectron to its detection
angle [7–18], see also the recent work on atomic hydrogen [19]. A careful analysis is needed to retrieve the
ionization time because Coulomb forces on the outgoing
electron shift the peak of the photoelectron momentum
distribution (PMD) with respect to naive modeling predicting the peak at the negative vector potential of the
driving field (‘attoclock shift’). Ionization times in linear polarization, on the other hand, can be measured
using two-color streaking schemes. The orthogonal twocolor (OTC) scheme has been introduced for both HHG
[20, 21] and photoelectrons [22, 23]. A weak orthogonal
second-harmonic field was added to the strong driving
field to deflect the electron trajectory after ionization. By
observing the harmonic yield or PMD changing with the
relative phase between the two colors, the ionization time
(and the recombination time in HHG) can be found. In
the parallel two-color (PTC) scheme, the streaking field
is used to intervene into the ionization process directly
as the relative phase influences the total field strength of
the combined field and hence the ionization rates. This
was used to find ionization times of trajectories in photo-
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electron holography [24] and is closely related to phaseof-the-phase spectroscopy [25, 26].
Analyzing PTC data for linear polarization requires
complicated modeling [24] because the electrons are
strongly affected by the Coulomb force. Moreover, electrons launched during ascending quarter-cycles of the
field are inaccessible as they are hidden under the dominating Coulomb-focused electrons launched after the field
maximum, and in HHG, they do not contribute to the
signal at all. Recently, we have proposed an alternative
wave form, termed in the following as ‘quasilinear field’,
as an ionizing field for studies of strong-field dynamics:
A bicircular ω–2ω field composed of two counter-rotating
components [27–30] can be tailored such that it approximates linear polarization three times per optical cycle
of the fundamental component while providing a timeto-momentum mapping similar to the attoclock [31]. Although ionization takes place as in a linearly polarized
field, difficulties such as Coulomb-focusing, intracycle interference or rescattering [6, 32–35] are avoided.
In this work, we combine the quasilinear field with the
streaking schemes, resulting in a method for ionizationtime retrieval with few-attosecond precision, which enables us to reach several important findings. It gives us
access to the region of peak field strength and the branch
of trajectories originating during ascending field, which
could not be resolved in previous two-color schemes. In
particular, we can compare the attoclock shift of the
PMD with the momentum at which time zero is found
according to the streaking scheme, allowing us to connect two previously distinct notions of ionization time.
We find that the PTC scheme yields results in excellent
agreement with the attoclock shift, both for atoms and
molecules, while the OTC scheme does not reveal the
attoclock shift. We trace this discrepancy back to qualitatively different physical mechanisms: the OTC scheme
exploits the displacement of momentum-space structures
by the streaking field, while in the PTC scheme the probe
field modifies the ionization rate responsible for a given
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describes a counter-rotating bicircular field E(t) =
−Ȧ(t). With field-strength ratio 2:1 of fundamental to
second harmonic, the field resembles a linearly polarized
√
field near its peaks with field strength
Epeak = 3E0 / 5
√
and effective frequency ωeff = 2 ω. Near t = 0 we can
write
Aeff (t) = Ax (0) ex − Epeak /ωeff sin(ωeff t) ey
Eeff (t) = Epeak cos(ωeff t) ey

(2)

with E(t) = Eeff (t) + O(t3 ).
We choose ωeff =
0.05695 a.u. corresponding to 800 nm, so the actual wavelength of the fundamental field is 1131 nm. In addition to
the quasilinear field, we apply a weak linearly polarized
streaking field via
∆A(t, φ) = −Epeak /(2ωeff ) sin(2ωeff t + φ) ei

(3)

with relative phase φ, effective frequency 2ωeff and relative field strength  = 0.02. Its polarization axis is
ei = ex for orthogonal streaking or ei = ey for the parallel scheme. For the numerical calculations, the vector
potentials (1) and (3) are multiplied with an envelope
cos(ωt/6)4 (3-cycle pulse).
The momentum distribution at E0 = 0.1 a.u. without
streaking field is shown in Fig. 1(a). It exhibits a main
maximum corresponding to the region of almost linear
polarization around the peak of the pulse at t = 0. The
maximum shows an attoclock shift in the positive py direction, see the projection in Fig. 1(b), which was investigated in [31].
The effect of the streaking field (3) on the momentum distribution can be understood within strong-field
approximation (SFA). We wish to relate the optimal
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momentum. For molecules, our study sheds light on the
question whether the ionization time in a molecule depends on the electron emission direction - a question that
was previously studied only for single-photon ionization
[36–40], despite molecular attoclock setups already being considered [41, 42]. Finally, an attempt to exploit
the dynamics beyond the electric-dipole approximation
for attosecond time retrieval by considering the Lorentz
force on the outgoing electron as a streaking force faces
similar issues as the OTC scheme.
We solve the two-dimensional time-dependent
Schrödinger equation (TDSE) using the split-operator
method [43] with time step 0.006 a.u. on a Cartesian
grid with 2048 points per dimension and
√ box size
400 × 400 a.u. The potential V (r) = −1/ r2 + α with
α ≈ 0.0684 a.u. reproduces the ionization potential
Ip = 0.904 a.u. of helium (atomic units are used unless
stated otherwise). The PMD is obtained by projecting
outgoing wave packets onto Volkov states using an
absorber that covers a distance of 50 a.u. from the grid
boundary [44]. The vector potential [31]
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FIG. 1. (a) Photoelectron momentum distribution for field
strength E0 = 0.10 a.u. (intensity 7 × 1014 W/cm2 ). Red
dashed line, negative vector potential; inset, electric field;
the red dot indicates t = 0. (b) Projection of the main
branch of the PMD onto the py -axis. (c) Nondipole shift
hp̃z i = hpz i − p2x /(2c) on a slice through the maximum of the
3D PMD (black dashed line) in comparison with the simple
estimate (7) at v0 = 0 (gray solid line). The value substracted
in the definition of hp̃z i accounts for the displacement of the
momentum distribution in px -direction which causes an additional nondipole shift compared to linear polarization.

phase φ̄ maximizing the signal at a given py to the
ionization time. Motivated by the approximate vector potential (2), we write an action from which the
signal on the line px = −Ax (0) can be calculated as
RT
2
S0 (t, py ) = −Ip ts + 21 ts dt (py + Aeff
y (t)) . Here, ts is
the stationary point ∂S0 /∂ts = 0, and T is a time after the end of the pulse. The streaking vector potential (3) introduces a perturbation to the action. Since
∆Ax and ∆Ay are small, we neglect their contribution
to the saddle-point time ts and write S = S0 + ∆S⊥,k
RT
with ∆S⊥ = 12 ts dt (∆Ax (t, φ))2 for orthogonal streakRT
ing and ∆Sk = ts dt (py + Aeff
y (t))∆Ay (t, φ) for the parallel scheme. For a given real part tr = Re ts , a maximum of the signal as a function of φ is obtained when
∂φ Im ∆S = 0. For orthogonal streaking, inserting the
expressions (2) for Aeff
y and (3) for ∆Ax leads to
sin(2ωeff tr + φ̄) = 0

⇒

tr =

−φ̄
.
2ωeff

(4)

This gives a direct relation between the observed relative phase φ̄ and the time tr , which we consider the
physical ionization time. For the parallel scheme we find
the condition 2 cos(ωeff tr ) sin(2ωeff tr + φ̄) = cos(2ωeff tr +
φ̄) sin(ωeff tr ). This is satisfied by [45]
tr =

4 −φ̄
+ O(φ̄)3 ,
3 2ωeff

(5)

where we will neglect the small higher-order terms. The
potentially surprising factor of 4/3 is also obtained in a
classical Coulomb-free model as a secondary effect of the
streaking field when assuming that the signal at a given
py goes through a maximum as a function of φ when the
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FIG. 2. Probing schemes (schematically, φ ≈ −1.0). (a)
OTC. Probe field along x displaces the negative vector potential (blue curve) and thus the PMD relative to the unstreaked reference (red curve). (b) PTC. Probe field along y
modulates the total field strength (black dashed curve) and
thus the ionization rate. In the relevant branch of the PMD,
the modulation (Michelson contrast) is 18% while in the orthogonal case it is negligible.
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FIG. 3. (a) Orthogonal streaking. The color indicates the
distance between the px position of the PMD maximum and
the reference position, normalized for every py individually to
maximum absolute value 1. The black solid line gives the relative phase where the maximum crosses the reference. Relative
phase is converted to time via Eq. (4). (b) Parallel streaking.
The color indicates the observed signal, normalized for each py
individually to vary between 0 and 1. The black line gives the
relative phase where the signal is maximized. Relative phase
is converted to time via Eq. (5). In both panels, the real
part of the SFA saddle-point time is shown as red solid line.
The ionization time from the classical Coulomb-free model
(p = −Aeff (t)) is shown as orange dashed line.

total field at the time of ionization is maximized. Here,
the probe field perturbs not only the field strength, but
also the time-to-momentum mapping.
In practice we do not use the straight line px = −Ax (0)
in the OTC scheme because our field breaks the exact
symmetry that would be present in truly linear polarization. Instead, we start from the unperturbed momentum
distribution ( = 0, Fig. 1(a)) and obtain a reference
line by finding the maximum for every py . The streaking field changes the px -position of the maximum. From
the TDSE, we find for every py the optimal phase φ̄ for
which the maximum crosses the reference. For the PTC
scheme, we project the main branch of the PMD onto
the py -axis, as in Fig. 1(b), and we observe for every py
the change in yield as a function of φ. The two schemes
are illustrated in Fig. 2.
Our results are shown in Fig. 3, providing directly
the ionization time for every momentum py . In or-

thogonal streaking, the retrieved ionization time (Fig.
3(a), black solid line) agrees perfectly with the SFA
saddle-point time, although the momentum distribution
(Fig. 1) shows a substantial attoclock shift of about
∆py = 0.245 a.u. Parallel streaking, in contrast, does
reflect the attoclock shift, see the black line indicating
maximal signal in Fig. 3(b). The shift is smaller for
earlier ionization times which is plausible because the
Coulomb effect on the outgoing electron is less significant when the peak of the pulse is yet to come. At t = 0,
we have ∆py = 0.255 a.u while orthogonal streaking gives
only ∆py = 0.015 a.u.
In Fig. 4(a) we show the momentum shift at time
zero from both methods in comparison with the attoclock shift obtained from the location of the PMD peak
for many intensities, confirming our finding of very good
agreement between parallel streaking and the attoclock
shift. At high intensities, both observables begin to reflect the depletion of the bound state and the agreement
slightly diminishes. Orthogonal streaking, on the other
hand, always gives values near zero.
To understand this behavior, we argue that the electric field has a well-defined direction during ionization.
Effects that could lead to a change of the PMD peak,
such as the Coulomb force on the outgoing electron or
an initial velocity, change the photoelectron momentum
along this direction, which is given by E = −Ȧ. That
is, they can shift the PMD peak only on the curve in
momentum space defined by −A, as do depletion and
a possible ionization time delay. In the OTC scheme,
the total vector potential for φ = 0 crosses the reference
at py = 0, implying that the OTC scheme gives tr = 0
for py = 0 via Eq. (4). In other words, the problem
with the OTC scheme arises because the Coulomb interaction is neglected in the derivation of the phase-to-time
mapping which depends on the propagation step. In retrospect, this may explain why in [21] the ionization times
retrieved from the HHG-based OTC method are in such
excellent agreement with SFA ionization times, although
a Coulomb correction to ionization times similar to the
attoclock shift is present also in HHG [46].
In the PTC scheme, the phase-to-time mapping depends mainly on the ionization step and it is hardly affected by Coulomb effects in the propagation step. The
good agreement of the time-zero momentum shift with
the attoclock shift is moreover consistent with the observation that in order to maximize the additional yield due
to a weak perturbing field, it must peak exactly where
the fundamental does [47]. Here, we find that not only
the overall yield is maximized in this way, but also the
signal at the maximum of the PMD which is thus assigned to tr = 0. The same conclusions are obtained
when a 2ω or 3ω streaking field is used instead of 2ωeff .
In particular, parallel streaking does not reproduce the
delay of approximately 10 as found in [31] where an integral representation was used to define ionization time
[48].
We can use the quasilinear field to probe orientation-
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FIG. 4. (a) Momentum shifts at time zero according to the
OTC and PTC scans for the He model in comparison with
attoclock shifts of the momentum distribution. The dashed
lines show the result when the streaking field is shifted by
φ = π and minimization is used instead of maximiation in
case of the PTC scan. (b) Orientation-dependent attoclock
shifts and momentum shifts corresponding to time zero for
the HeH+ model: filled symbols, ionization via H; open symbols, ionization via He; color coding as above. Here, we have
combined the two streaking results for φ and φ + π into one
by taking the average. The orange dashed lines give the relative shift according to the adiabatic model, see text. For
easy conversion to time, the SFA ionization times are shown
as gray lines in the background of both panels.

dependent properties of molecules. We consider an asymmetric potential
V (r) = p

2

−(1 + e−β(r−r2 ) )
+ p
(r − r1 )2 + α1
(r − r2 )2 + α2
−1

(6)

where α1 = α2 = 0.5 and |r1 − r2 | = 1.4 is approximately
the equilibrium distance in the helium hydride molecular
ion [49]. We interpret r1 as the location of the proton.
Choosing β = 1.063 reproduces the ionization potential
1.66 a.u. of HeH+ at said distance. We solve the 2D
TDSE for the molecule oriented along or against the yaxis at E0 = 0.18 a.u. and various wavelengths. We find
that both the ionization probability and the attoclock
shift depend
√ on the orientation. At effective wavelength
λeff = λ/ 2 = 800 nm, the ionization yield is 1.58 × 10−3
(6.42 × 10−3 ) for electron emission at the helium (hydrogen) side. The attoclock shifts are shown in Fig. 4(b).
The PTC scan shows good agreement between the attoclock shift and the momentum shift of time zero for both
orientations, suggesting that the orientation dependence

of the attoclock shift does not correspond to a real delay
in ionization time. For the ionization-time difference between the two orientations, we find numbers below 1.5 as.
Indeed, the shift can be understood in an adiabatic model
without such a delay. By solving the Schrödinger equation for the molecule in the static external field E we find
Ip (E) = 1.657 + 0.403 E + 0.633 E 2 . The change in Ip
leads to an orientation-dependent change of the tunnelexit position obtained from 2D parabolic coordinates
[9, 17]. We solve Newton’s equation of motion in a static
field with V (r) = −2/r, starting from the tunnel exit
with zero velocity. Then we evaluate ∆p = p(t) − p0 (t)
for large t, where p(t) is the time-dependent momentum
and p0 (t) is the momentum assuming V = 0. The result
(orange curves in Fig. 4(b)) shows good agreement in
the long-wavelength limit.
Finally, we note that a perpendicular force on the outgoing electron can be realized not only with a streaking
field, but such a force is present already due to the magnetic component of the laser pulse [50] and it can be used
to define a time zero for interpretation of attoclock momentum distributions [51]. To this end, the quasilinear
field provides a clean setting with less Coulomb influence
than truly linear polarization [52, 53]. We solve the 3D
TDSE for the same pulse as above including nondipole
effects to first order in 1/c as described in [53, 54]. We
choose an effective potential [55] for helium converted
into a pseudopotential for the 1s state at cutoff radius
rcl = 1.5 a.u. [56]. The nondipole shift hpz i on a slice
along py through the maximum of the momentum distribution, calculated as the average over pz for fixed px
and py , is shown in Fig. 1(c). In the absence of the
atomic potential and assuming classical motion, starting
with velocity v0 after tunnnel ionization, this shift can
be modeled as
2Ip + v02
p2
v2
hpz i ≈
+
− 0.
(7)
6c
2c
2c
The first term is due to the presence of the magnetic
field during tunneling [57, 58]. The last two terms correspond to the energy gained during propagation in the
laser field, divided by c. Comparing this simple model
with the TDSE result, we find almost perfect agreement.
In particular, the point of minimal nondipole shift corresponds to py ≈ 0 rather than the maximum of the
momentum distribution. A similar discrepancy was recently observed experimentally in elliptical polarization
[51]. Since the nondipole shift is acquired during the entire pulse but the attoclock shift ∆py is acquired during a
very short time after tunneling, we can view the Coulomb
influence as an initial velocity offset v0 = ∆py ey in the
last term of Eq. (7). This affects the magnitude of the
nondipole shift, but not the momentum at which the minimal shift occurs. The leading-order correction to this
short-kick picture depends only weakly on the final momentum. Hence, it is inaccurate to identify the point of
minimal nondipole shift as time zero. Instead, it could be
used to find the location of py = 0 in an experiment where
the relative phase in the bicircular field is unknown.
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To conclude, we have compared several experimentally feasible approaches to extract attosecond-precision
strong-field dynamics from photoelectron distributions.
A weak probe field polarized along the ionizing field gives
results confirming that ionization occurs most likely at
highest instantaneous field. This remains valid for polar
molecules, implying nearly orientation-independent ionization times. Streaking outgoing electrons orthogonal
to the ionizing field, either by an external field or by the
magnetic component of the ionizing field, provides less
accurate information. This could be overcome only by including Coulomb forces in the mapping from observables

to time, at the price of elegance and usefulness. The
parallel approach is free of these complications and we
expect it is transferable to electron emission from other
systems of scientific interest such as nanotips [59, 60] and
liquids [61].
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D. Azoury, A. Natan, G. Orenstein, B. D. Bruner,
M. J. J. Vrakking, and N. Dudovich, “Attosecond timeresolved photoelectron holography,” Nature Communications 9, 2805 (2018).

ACKNOWLEDGMENTS

This work has been supported by the Deutsche
Forschungsgemeinschaft through the Priority Programme Quantum Dynamics in Tailored Intense Fields
(QUTIF).

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

6
[25] S. Skruszewicz, J. Tiggesbäumker, K. H. Meiwes-Broer,
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